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Announcements:
• Midterm 1 graded. Solutions to be posted today-ish.
• Homework 4 due in 9 days.
• Thanks for participating in Midterm Feedback Survey.



Where we are:
Part I: Circuits: 
Finite computation, 
quantitative study

Part II: Automata: 
Infinite restricted computation, 
quantitative study

Part III: Turing Machines: 
Infinite computation, qualitative study

Part IV: Efficient Computation: 
Infinite computation, quantitative study

Part V: Randomized computation: 
Extending studies to non-classical algorithms
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Today:

• Finiteness and Infinities
• Cantor: #Reals > #Rationals (Uncountable vs. Countable sets)
• Uncomputable function by counting
• Explicit Uncomputable function: HALTX CANTOR



Background: Finiteness & Infinities

• Back prior to1800s:
• Understood finite vs. infinite

• Set ܵ is finite if  ݊ א Գ s.t.  1-1 function ܧ: ܵ ՜ [݊]
• Infinite otherwise.

• Example infinite sets: Գ,Ժ,Ժଶ,Թ,Թଵ

• Thinking then: All of same size? No point comparing? 

• …, Cantor ‘1800s:
• ܵ  ܶ ֞  1െ 1 :ܧ ܵ ՜ ܶ : Applies also to infinite sets.
• Examples: Գ = Ժ = Է = Ժଶ = 0,1 כ

• Thm: No 1-1 function ܧ:Թ ՜ Ժ exists. ( Է < Թ )

Glossary of terms:
• Գ = Natural numbers
• Ժ = Integers
• Է = Rationals
• Թ= Reals
• 0,1 = ݔ א Թ 0  ݔ  1

• ܣ:ܧ ՜ ܤ 1-1 (aka injective): 
ܧ ܽ = ܧ ܽᇱ ֜ ܽ = ܽᇱ

• ܤ:ܨ ՜ ܣ onto (aka surjective): 
ܽ א ܣ ܾ א ܤ .ݏ ܨ.ݐ ܾ = ܽ
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Cantor’s Proof

• Suppose  1െ 1 :ܧ 0,1 ՜ Գ. Then  onto ܨ:Գ ՜ [0,1]
• Then … can draw matrix with ܨ ݅  = ݆th bit in binary expansion of ܨ ݅ .

• Consider തܨ = ܨ 0  ܨ 1 ଵ ܨ 2 ଶ ܨ 3 ଷ ڮ where does it lie? [Can’t be ݅th row.]
• Doesn’t! Hence ܨ can’t exist!
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Uncomputable functions by counting

• Q1: How many computable functions are there?
• Claim: At most 0,1 כ

• Why?

• Q2: How many functions ݂: 0,1 כ ՜ {0,1}
• Claim:  [0,1]

• Put together: ܴ <  where ,|ܮܮܣ|
ܴ = :ܨ 0,1 כ ՜ 0,1 ܨ is computable ;

ܮܮܣ = :ܨ 0,1 כ ՜ 0,1
• ֜ ܨ א ܮܮܣ ך ܴ

← Sinn Turing machines can be
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Exercise Break 1

Give direct proof a la Cantor that 0,1 כ < ALL ؝ ݂: 0,1 כ ՜ 0,1
→ → 90000 8900,00 A 800 - - - -
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Explicit Uncomputable Functions?

• Motivation: Are “uncomputable” functions of interest to us?
• Maybe they exist but can’t even be described. 

• (#describable functions = countable! By definition!)
• If they can’t be described why would we be interested in computing them?
• Turns out: Many natural problems uncomputable.
• As we will see, the following (very describable!) problem is uncomputable.

• HALT ,ܯ ݔ = 1 ifܯ halts on input ݔ
= 0 otherwise

• Will see in next lecture: HALT is uncomputable



An Explicit Uncomputable Function

• Cantor inspired by the diagonalization 
proof

• Idea: 
• columns = 0,1 כ = inputs 
• rows = 0,1 כ ل Turing machines
• thܯ row, ݔth column = (ܯ, (ݔ
• If row not TM – fill with 0s.
• If ܯ does not halt on ݔ enter 0.
• Consider function that computes 

diagonal entries and flips them.

• Cantor ܯ = (ܯ)ܯ
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Exercise Break 2

• Prove Cantor is uncomputable, where Cantor ܯ = (ܯ)ܯ

- say
a tuning machine that computes Cantor

- say X is encoding of this
'

Turing machine

H M XCM) = Cantor ( m )

what is XCX) ? -

Xcx) -- Cantor (x) = mint ) =
Xcx)

M=X



Proof:

• Assume for contradiction that Turing Machine ܣ computes Cantor
• Then we have ܯ ܣ ܯ = (ܯ)ܯ

• So ܣ ܣ = ெୀ|(ܯ)ܯ = !!Contradiction …      .(ܣ)ܣ



Next Lecture: More Uncomputability

• Uncomputability of new problems
• HALT, HALT_ON_ZERO

• Two proof techniques
• Using presumed (non-existent) Turing Machine
• REDUCTIONS!!!

• Using a hard problem to show other problems are also hard.


