CS 121: Lecture 20
Cook-Levin Theorem
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How to contact us
OnIy the course heads (S|OW€F): cs121.fall2020.course.heads@gmail.com




Announcements:

* Advanced section Thursday: Nicole Immorlica on EconCS

 Midterm 2 in 1 week.
Open book (Barak only). 2 pages cheat sheet (no collaboration).
90 minutes long. (70 if handwritten.)

 Homework 5 due Thursday.



Where we are:

Part I: Circuits:
Finite computation,

Part Il: Automata:
Infinite restricted computation,
quantitative study

quantitative study

Part lll: Turing Machines:
Infinite computation, qualitative study ‘

Part IV: Efficient Computation:
Infinite computation, quantitative study

Part V: Randomized computation:
Extending studies to non-classical algorithms




Review of last lecture

Defined NP (solutions/witnesses/proofs polytime verifiable)
F:{0,1}* - {0,1} € \NP & 3V} polytime comp. s. . F(x) =1¢& EIWS t VF(x W) =1

Defined NP-Hard and NP-complete W) & ‘7<\
F NP-hard © VG € NP,G <, F |
harel
F NP-complete & F € NP and F NP-complete.

Asserted: 3SAT is NP-Complete
3SAT(C; ACy -+ Cpy) = 1 & 3xy, ..., xy €{0,1} 5.£.Vj 3 literal in C; that is 1.
Will prove today (o= Mg N KooV ><<ZD
Proved: ISET is NP-Complete (assuming assertion)
\CSET ENP / 2AT é‘P \QET



Today

* Cook-Levin Theorem: 3SAT is NP-Complete



NP-Completeness historically

* Many mathematicians sensed NP-hardness:
Gauss (1800s): Can you factor integers?
Godel (1956): Can you automate proving of theorems?
Edmonds (1967): Travelling Salesperson has no polynomial time algorithm?

If [3SAT has 0(n?) time algorithm] then in spite of the
undecidabullity of the Entscheidungsproblem, the mental work
of a mathematician concerning Yes-or-No questions could be
completely replaced by a machine

Kurt Godel to John von-Neumann, 1956




Tod ay’s Theorem 3SAT is NP-hard.

NP-hard + in NP = NP complete

—

Cook Levin Theorem: VF € NP F Sy ST
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Proof: D — e M ——
D efi n e NA NDSA T’ 3 NAND oo o & ............ et

NANDSAT §
Lemma 1: VF € NP, F <, NANDSAT :
Lemma 2: NANDSAT <p SNAND 3NAND

(x4 = NAND (x,,x3)) A (xg = NAND (x4, x5)) A -+
Lemma 3: 3NAND <, 3SAT <5

3SAT
(ko VX VX)) A (Xx5V Xy V) A(Xg AXy AXg) -
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. . Tk
Input: ¥ is AND of constraints of form z; = NAND (z;, z,) o

Output: 1 iff there is assignment z € {0,1}" satisfying ¥ \@@Wﬂ%% (C\-—k—Cm)

Q: If W= (zo = NAND(z,,23)) A (z3 = NAND(z,,2z,)) A (zy = NAND(z,,23))

what is 3NAND(W)? = — _
(z, v, vz, |N (20N 2 ) Mz V 25 )
Lemma 2: NANDSAT <, 3NAND

i 2SAT o SNAN
n 7
_ / L L oppnn (Z /ZPJ)
o N T
o= (/Y e x) e~ = F
: VAN 2\ C . Z\/\/

NS 7<\ y‘/)



_\
Lemma 3: 3NAND <, 3SAT i\ L

=0
. SRNVS &
Key claim: For every a, b, c € {0,1},

avbVvc

N .
C = NAND(a,b) ¢> cVda 7\r/ ~= 0 [NV
 Gvarab R

\y\/\/w\\ \gm\ &q’\D\/\\Ol VM-\JQ
@ Roduekron  Yhny ()Eg\\éx(sr\w\ov

B

Q: Prove key claim. C=\

Key claim = lemma. @gNPK‘NB @M?Wm{p T = 2T Wremiov\
\\X ﬁAﬁ .
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NANDSAT

Input: NAND-CIRC program P (aka circuit with NAND gates)
Output: 1 iff thereis x € {0,1}" s.t. P(x) = 1

D X[0]

/)
Q: What is NANDSAT( \:,,{)\} o )?
N\

\




Input: W is AND of constraints of form z; = NAND(z;, z;,)

Output: 1 iff there is assignment z € {0,1}" satisfying W

. EENPSND (Zo)zzv
Lemma 2: NANDSAT <, 3NAND 2,2 B (2,

QZJ RPN
"Proof by example:” N\
y examp o N A

Zoy = NAND(Z(), Zl)

X[0]

Zg = NAND(Z(), Zz)

Z3
\ZZ 3\ Zg 7, = NAND(Zl, Zz)
}Y[O]
X/ 3’/ Zg = NAND(Zg,Z4)

Z ‘4 ze = NAND (zo,zé
25 =1 zs = NAND (zy, z)
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Input: NAND-CIRC program P (aka circuit with NAND gates) *
Output: 1 iff thereis x € {0,1}" s.t. P(x) = 1 W

P\ 7T (W)= |

Lemma 1: For every F € NP, F <, NANDSAT

Proof: If F € NP we know 3 poly-time TM I/ s.t. Vx € {0,1}"

- { “ Snbsteps
Flx) = 1 <:> Jwe o Vs = 1

n% = |3




Input: NAND-CIRC program P (aka circuit with NAND gates) *
Output: 1 iff thereis x € {0,1}" s.t. P(x) = 1 W

Lemma 1: For every F € NP, F <, NANDSAT

Proof: If F € NP we know 3 poly-time TM M s.t. Vx € {0,1}"
By proof of P € P, (Time <~ SIZE) can find n*” sized circuit C s.t.

n { 52 Snbsteps n { 52

< n?P gates

C

[
|




Input: NAND-CIRC program P (aka circuit with NAND gates) *
Output: 1 iff thereis x € {0,1}" s.t. P(x) = 1 W

Lemma 1: For every F € NP, F <, NANDSAT

Proof: If F € NP we know 3 poly-time TM I/ s.t. Vx € {0,1}"
By proof of P € P, can find n*” sized circuit C s.t.

< n?P gates
n |
F(x) = 1<::> Jw € {0,1}™" _ C |:>1

‘ % 3\,\) |

_—



Input: NAND-CIRC program P (aka circuit with NAND gates) *
Output: 1 iff thereis x € {0,1}" s.t. P(x) = 1 W
Lemma 1: For every F € NP, F <, NANDSAT

Proof: If F € NP we know 3 poly-time TM M s.t. Vx € {0,1}"

By proof of P € P, can find n*” sized circuit C s.t.
< n?P gates

=

F(x) = 1<::> aw € {0,1}" Cl |:>1

n% < |

.
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Example to illustrate proof

Example: ISET <, 3SAT
Input: Graph G integer k

Step 1: NAND circuit C; such that
Ce(S) =11iff |S| = k and S independent in G

Step 2: 3NAND formula W s.t. 3z with W(z) = 1 iff 35S st. C;(S) =1

Step 3: 3CNF formula ¢ s.t. ¢(z) = W(z) for every z



Next lecture

* More reductions. See more diverse NP-complete problems.



