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Announcements:
• Q survey open
• Last Sections this week (through Friday)



Where we are:
Part I: Circuits: 
Finite computation, 
quantitative study

Part II: Automata: 
Infinite restricted computation, 
quantitative study

Part III: Turing Machines: 
Infinite computation, qualitative study

Part IV: Efficient Computation: 
Infinite computation, quantitative study

Part V: Randomized computation: 
Extending studies to non-classical algorithms
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Last Lecture
Randomized algorithm ܩܮܣ computes ܨ if for every input ݔ

Pr ܩܮܣ ݔ = ܨ ݔ 
2
3

Probability over the randomness 
of the algorithm, not the input The constant 2/3 is arbitrary – can 

be replaced by 0.51, 0.99, even 
1െ 2ି. Not by 1/2.

BPP: {Boolean functions computable by some randomized algorithm}

Polynomial Identity Testing: in BPP, not known if in P.

½-approx to Max Cut: in BPP.- Randomized Alg .



Functions with unbounded input lengths: 
inclusion diagram – not to scale!!

Some classes might “collapse” to one another.

All functions ܨ: כ{0,1} ՜ {0,1}
ࡾ Computable functions

ࡼࢄࡱ

࢟/ࡼ
ܶܮܣܪ

Uܶܮܣܪ

ଶమܶܮܣܪ

ܩܰܫܴܱܶܥܣܨܶܣܵ͵

ଶܶܮܣܪ

ܶܣܵʹࡼ
ࡼࡼ

ܻܶܫܮܣܯܫܴܲ
ܶܫܲ



Today

• ܲ ك ܲܲܤ ك ܲܺܧ

• ܲܲܤ ك /ܲ௬
• Proof uses success amplification via the Chernoff bond

• ܰܲ vs ܲܲܤ: Unknown, but Sipser-Gaacs-Lautemann Theorem:
• If ܲ = ܰܲ then ܲܲܤ = ܲ
• ܲܲܤ contained in a class like, and not much larger than, ܰܲ.
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Q: Prove that ܲ ك ܲܲܤ

Q: Prove that Bܲܲ ك ܲܺܧ

A: Ignore randomness

A: Try all possible coin flip results

Def 2: ܨ: כ{0,1} ՜ {0,1} is in ܲܲܤ if  poly-time deterministic
algorithm ܣ , poly ݍ ݊ s.t. ݊ ݔ א 0,1 

Pr
{,ଵ} 

ܣ] ;ݔ ݎ = [(ݔ)ܨ 
2
3

ܲ ك ܲܲܤ ك ܲܺܧ

T
# possible qln) : 29cm ezn

""



ܲܲܤ ك /ܲ௬ outline in words

Def: ܨ: כ{0,1} ՜ {0,1} is in ܲܲܤ if  poly-time deterministic algorithm ܣ such that ݊, 
given a random poly-size advice string ݍ ݊ ݔ , א 0,1 , ܣ decides F(ݔ) right,  > 2/3.

Def: ܨ: כ{0,1} ՜ {0,1} is in ܲ/ݕ݈ if  poly-time deterministic algorithm ܣ such that ݊, 
given a fixed poly-size advice string ݍ ݊ ݔ , א 0,1 , ܣ decides F(ݔ) right.

Proof idea: Amplify the success probability so much that one ݍ ݊ works for every 
input.
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inputs inputs

”Average case“ܲܲܤ

Pr
௫{,ଵ},{,ଵ}

ܣ ;ݔ ݎ = ܨ ݔ 
2
3 {,ଵ}א௫ Pr

{,ଵ}
ܣ ;ݔ ݎ = ܨ ݔ 

2
3

,ܲܲܤ ݏݏ݁ܿܿݑݏ ݂݈݀݁݅݅݉ܽ

ܲܲܤ ك /ܲ௬ outline in pictures
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Amplification for 2-sided error
Thm: If ܨ א ܲܲܤ then  poly-time algorithm ܤ , poly ݍ ݊ s.t. ݊ ݔ א 0,1 

Pr
{,ଵ} 

ܤ] ;ݔ ݎ = [(ݔ)ܨ  1 െ 2ିమ

Generally: Can amplify success from ଵ
ଶ
+ ଵ

 
to 1െ 2ି  for all polys ݎ ,

Chernoff Bound: Let ܺ, … ,ܺିଵ i.i.d. r.v.’s with ܺ א [0,1]. 
Then if ܺ = ܺ +ڮ+ ܺିଵ and  = ॱ ܺ , for every ߳ > 0,

Pr ܺ െ ݊ > ߳݊ < 2ଵ ି(ଶ ୪ )ఢమڄ



Thm: If ܨ א ܲܲܤ then  poly-time algorithm ܤ , poly ݍ ݊ s.t. ݊ ݔ א 0,1 

Pr
{,ଵ} 

ܤ] ;ݔ ݎ = [(ݔ)ܨ  1 െ 2ିమ

Proof: Suppose Pr ܣ ;ݔ ݎ = ܨ ݔ  2/3.

Idea: ܤ will run ܣ 1000݊ଶ times and return 
majority vote.

Algorithm ܤ
Input: ݔ
for ݅ = 1…1000݊ଶ:

ݎ  {0,1}

ݕ ՚ ;ݔ)ܣ (ݎ
returnݕ)݆ܽܯଵ, … (ଵమݕ,

Define ܺ = ቊ1, ܣ ;ݔ ݎ = (ݔ)ܨ
0, ܣ ;ݔ ݎ ് (ݔ)ܨ

ଵܺ, … ,ܺଵమ i.i.d with ॱ ܺ  2/3

By Chernoff, Pr ଵ
ଵమ

σ ܺ < 0.5 < 2ଵି
మ ౢౝ 
యల ଵమڄ < 2ିమ

Pr ܺ െ ݊ > ߳݊ < 2ଵ ି(ଶ ୪ )ఢమڄ
E :3

,
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ܲܲܤ ك /ܲ௬
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ܰ = 2 possible inputs

If ܨ א ܲܲܤ then by amplification  poly time 
algorithm ܣ s.t.

Pr
୰{,ଵ}

ܣ ;ݔ ݎ ് ܨ ݔ < 2ି

Let ܯ = 2 be # of random choices

Let ܰ = 2 be # of inputs

Every column has < ெ
ே

“reds”
֜ # reds < # rows

A “good choice of randomness” כݎ s.t.
ݔ א {0,1} ܣ ;ݔ כݎ = (ݔ)ܨ

כ࢘

֜ must be rows with no reds!

Use כݎ as the P/poly advice string.
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ݔ

ܣ
݊

݊ݎ

 ݊ steps

ܰ = 2 possible inputs

Proof: Suppose ܨ א ܲܲܤ and ܣ is alg using ݊ random bits and running in 
݊ time s.t. Pr ܣ ;ݔ ݎ ് ܨ ݔ < 0.001 ڄ 2ି

כ࢘

By ܲ ك /ܲ௬ there’s circuit ܥ of  ݊ସ

computing ݔ, ݎ հ ;ݔ)ܣ (ݎ

ܲܲܤ ك /ܲ௬ denouement
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ܰ = 2 possible inputs

Proof: Suppose ܨ א ܲܲܤ and ܣ is alg using ݊ random bits and running in 
݊ time s.t. Pr ܣ ;ݔ ݎ ് ܨ ݔ < 0.001 ڄ 2ି

כ࢘

By ܲ ك /ܲ௬ there’s circuit ܥ of  ݊ସ

computing ݔ, ݎ հ ;ݔ)ܣ (ݎ

כ࢘

ܥ

݊ݔ

݊ݎ

 ݊ଶgates

ܲܲܤ ك /ܲ௬ denouement
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ܰ = 2 possible inputs

Proof: Suppose ܨ א ܲܲܤ and ܣ is alg using ݊ random bits and running in 
݊ time s.t. Pr ܣ ;ݔ ݎ ് ܨ ݔ < 0.001 ڄ 2ି

כ࢘

By ܲ ك /ܲ௬ there’s circuit ܥ of  ݊ସ

computing ݔ, ݎ հ ;ݔ)ܣ (ݎ

כ࢘

ܥ

݊ݔ
 ݊ଶgates

ݔ հ ;ݔ)ܣ (כݎ is the 
map ܨ on {0,1}!

ݎ

כ

Hardwiring!

ܲܲܤ ك /ܲ௬ denouement



Recap for now
• ܲ ك ܲܲܤ

• ܲܲܤ ك ܲܺܧ

• ܲܲܤ ك /ܲ௬

• Unknown if ܲܲܤ = ܲ . Unknown if ܲܲܤ = ܲܺܧ

Q: Can it be that ܲ = ܲܲܤ = ?ܲܺܧ

Q: Is there a poly-time deterministic algorithm that given randomized alg
ܣ for ܨ א ܲܲܤ and ݊ א Գ outputs a circuit ܥ that computes ܨ on {0,1}?





ܲܲܤ and ܰܲ

Q: Suppose that ܨ  ܩ and ܩ א ܨ Prove that .ܲܲܤ א .ܲܲܤ

Corollary: If ͵ܵܶܣ א ܲܲܤ then ܰܲ ك ܲܲܤ

Unknown: Is ܲܲܤ ك ܰܲ? Is ܰܲ ك ?Both? Neither ?ܲܲܤ

Known: Sipser-Gaacs-Lautemann Theorem: If P = NP then ܲܲܤ = ܲ

KATE P NP e p



Sipser-Gaacs-Lautemann Thm: If ࡼ = ࡼࡺ then ࡼࡼ = ࡼ
Proof idea: First, amplify like crazy:

ܨ ݔ = 0 ܨ ݔ = 1

ܣ ;ݔ ݎ = 0

ܣ ;ݔ ݎ = 1

MAIN LEMMA: ܨ ݔ = 1 iff  ݉ shifts ݏଵ, … , ݏ s.t. {0,1} = ࢞ࡿ ْ ݏ

S୶: = r A x; r = 1 }

Ensure: Pr
୰{,ଵ}

ܣ ;ݔ ݎ = ܨ ݔ  1െ 2ି > 1 െ ଵ
ଵ

ܨ ݔ = 1 iff {,ଵ}א௦భ,…,௦ {,ଵ}א௭ א  :{,ଵ}א ܣ) ;ݔ ݎ = 1) ר ݖ) = ݎ ْ (ݏ

: ܵ௫ < ଵ
ଵ

2 : ܵ௫ > 1െ ଵ
ଵ

2

M E n
OG)

←one
←

one input ×

x



MAIN LEMMA: ܨ ݔ = 1 iff  ݉ shifts ݏଵ, … , ݏ s.t. {0,1} = ࢞ࡿ ْ ݏ

CLAIM 1 (֚): If ܵ < ଵ
ଵ

2 then ௦భ,…,௦א{,ଵ}  ܵ ْ ݏ < 2

Ensure: Pr
୰{,ଵ}

ܣ ;ݔ ݎ = ܨ ݔ  1െ 2ି  1 െ ଵ
ଵ

ܣ ;ݔ ݎ = 0

ܣ ;ݔ ݎ = 1

S୶: = r A x; r = 1 }

Proof: ܵ ْ ܽ = ܵ

 ܵ ْ ݏ < ݉ ڄ
1

1000݉
2 < 2

ܨ ݔ = 0 ܨ ݔ = 1: ܵ௫ < ଵ
ଵ

2 : ܵ௫ > 1െ ଵ
ଵ

2



MAIN LEMMA: ܨ ݔ = 1 iff  ݉ shifts ݏଵ, … , ݏ s.t. {0,1} = ࢞ࡿ ْ ݏ

Ensure: Pr
୰{,ଵ}

ܣ ;ݔ ݎ = ܨ ݔ  1െ 2ି  1 െ ଵ
ଵ

CLAIM 2 (֜): If ܵ > ଶ
ଷ
2 then ௦భ,…,௦א{,ଵ} s.t.  ܵ ْ ݏ = {0,1}

Proof: For every ݖ א {0,1} Pr
௦
ݖ ב ܵ ْ ݏ = Pr[ݏ ב ܵ ْ [ݖ < ଵ

ଷ

ܣ ;ݔ ݎ = 0

ܣ ;ݔ ݎ = 1

S୶: = r A x; r = 1 }

֜ For every ݖ א {0,1} Pr
௦భ,…,௦

ୀଵר ݖ ב ܵ ْ ݏ < ଵ
ଷ


< 2ି

֜ Pr
௦భ,…,௦

{,ଵ}א௭ ୀଵר ݖ ב ܵ ْ ݏ < 1

ܨ ݔ = 0 ܨ ݔ = 1: ܵ௫ < ଵ
ଵ

2 : ܵ௫ > 1െ ଵ
ଵ

2
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Sipser-Gaacs-Lautemann Thm: If ࡼ = ࡼࡺ then ࡼࡼ = ࡼ

MAIN LEMMA: ܨ ݔ = 1 iff  ݉ shifts ݏଵ, … , ݏ s.t. {0,1} = ࢞ࡿ ْ ݏ

ܨ ݔ = 1 iff {,ଵ}א௦భ,…,௦ {,ଵ}א௭ א  :{,ଵ}א ܣ) ;ݔ ݎ = 1) ר ݖ) = ݎ ْ (ݏ

ܨ ݔ = 1 iff :¬௭¬௦భ,…,௦ ܣ) ;ݔ ݎ = 1) ר ݖ) = ݎ ْ (ݏ

In NP, so replace with P alg (no )
Also in P

In NP, so replace with P alg (no ௭)

Also in P

In NP, so replace with P alg (no ௦భ,…,௦)

NP -
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ܲܲܤ and ܰܲ recap

• If ͵ܵܶܣ א ܲܲܤ then ܰܲ ك ܲܰ All theory of :ܲܲܤ completeness stays 
the same if we use  ܲܲܤ as our model of “efficient computation”.

• If ܲ = ܰܲ then ܲܲܤ = ܲ

• If (as widely believed) ͵ܵܶܣ ב /ܲ௬ then ܰܲ م ܲܲܤ



Functions with unbounded input lengths: 
inclusion diagram – not to scale!!

Some classes might “collapse” to one another.

All functions ܨ: כ{0,1} ՜ {0,1}

ࡾ Computable functions

࢟/ࡼ
ܶܮܣܪ

Uܶܮܣܪ

ଶమܶܮܣܪ

ܶܣܵʹࡼ

ࡼࡼ =ࡼࢄࡱ

ܶܣܵ͵
ܩܰܫܴܱܶܥܣܨ

Unknown but believed false

ଶܶܮܣܪ



Functions with unbounded input lengths: 
inclusion diagram – not to scale!!

Some classes might “collapse” to one another.

All functions ܨ: כ{0,1} ՜ {0,1}
ࡾ Computable functions

ࡼࢄࡱ

࢟/ࡼ
ܶܮܣܪ

Uܶܮܣܪ

ଶమܶܮܣܪ

ܩܰܫܴܱܶܥܣܨܶܣܵ͵

ଶܶܮܣܪ

ܶܣܵʹࡼ ࡼࡼ
ܻܶܫܮܣܯܫܴܲ

ܶܫܲ

=

Unknown but believed to be true



BPP recap
• ܲ ك ܲܲܤ ك ܲܺܧ

Unknown if either inclusion strict but can’t have ܲ = ܲܲܤ = ܲܺܧ

• ܲܲܤ ك /ܲ௬

• If ܲܲܤ contains an ܰܲ-complete problem then ܰܲ ك ܲܲܤ

• Relation with ܰܲ unknown
• If ܲ = ܰܲ then ܲܲܤ = ܲ

• It is believed that ܲ ് ܰܲ (of course) but it is also believed that ܲܲܤ = ܲ.



Next Lecture: Wrap-up

• Quantum Computation
• Most credible challenger to Strong Church-Turing Thesis.
• Less-Strong Church-Turing Thesis: SCTT but with quantum computers.

• Cryptography, Society
• Exam info









Bonus topics:
• One sided error algorithms: ܴܿܲ, ܴܲ
• “Zero sided error” (Las Vegas): ܼܲܲ
• Known that ܼܲܲ = ܴܲ ת ܴܲܿ and that ܴܲ  ܴܲܿ ك ܲܲܤ

• Known that ܴܲ ك ܰܲ and ܴܿܲ ك ܲܰܿ

• Pseudorandom generators
• relation between counting and sampling.
• Randomized reductions.


