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LECTURE 16



TODA

POLAR CODES

- Motivation : Shannon & Gap to Capacity
- Construction :

O . Reduction to Linear Compression
1 . Polarizing Transformation + Int . Th .

2- Polarization t Theorem
basics

.

3 . Encoding t Decoding
4 . Proof of Polarization Theorem .

(some shipped )
-x-

¥774 Due this week i÷- Weekly reports every week

- P55 out tomorrow

-

"

practice Psb
"

might be released later

- 4 best PS out of 6
.

- Ask if you have questions .



Motivation

Does
Pr [ in -- m] 3 I - oh )

-
can do this with Rate ( Kk) → I - Htp)

p Bit fillip Rob .

if we want to be at rate I - Hcp ) - t
'

then can achieve error prob. exptt! n)
- Sharon - Non constructive

- PS3 ? - Can make this poly time . .
. . .

Concatenation
"

disappeared
"
the problem ?

- Running are now poly In)
But there is a constant in front
which depends on E .

-

e.g .
2%? n' ⇐ needed because

blocks are of size
YEZ . . . Exponential in block .



Probkmfomulation : Given C-
,
determine k

,
h

s -t- K
a- 3

I - Htp) - E

' 7 Er: {o.BE { o , B
"

Dr : { o, 13h→ {0,13
"

st.m.pl?fD(BscCElmlD=mJEl-T#
& running time of Er , Dr are poly ( Ye)
-x-

History : o Q . raised by Luby , Mitzenmacher ,
Shokrollahi , Spielman

'

95

o 2008 : AriKan - proposed POLAR CODES

oso's : ii. www.t:::.
POLAR

codes .



Codes specified by A =
,

← n-

or bus
y =

c-

m--n-K

G is generator of a . . - good code (corrects

⇐ It is a good linear compressor of Bern(p)
"

-x-

Bern(p) -- z -

- O w.p . I- p

= I w-p . p

Bern (p)
"
= n independent copies 2, - - - Zn

Zip n Bern (p) .

wane is It a good compressor ?



good If E G
H compresses Bern (p)" if

① It = nxm with ME (Afp)tE) -n T 9

② 7 Decoding alg. D parity generator

Pg[D(2¥) +2) = oh)
compression 2

③ D should run in time poly 1¥) .

Eric Channel

× → XG→ XG +2 →
Can get
- Z & hence

Y X whp .

Ex .

① YH = XGIITZH = ZH nr② DEH) = I = Zwhp easy

③ Y - E = whip our codeword .

Aside : Linear compression equivalent to our problem

if we want linear code .

Restofpolarloding : Linear Compression .



AriKan 's
-

- Two bib & compress them !

⑥ v) → (Utv, V) given
ur Bernd,)

- Move entropy around ynisemcp€
Utv more

"

underlain
"

than U or V

Hcutv) > HIV)
- V no morellos entropic V ?

" conditional Entropy
" Hlvlutv) < HMU)

= HIV)
- x-

Entropy: of random variable X dist - on fm]
aux with Pr[x=i]= Pi
M

H Cx) E Spi look #i
i=l

Entropy says how effectively we can compress
n ind . copies of X ; amortized

[ Desiring X , . . - Xn Xjr X iii.d.

takes roughly HLX) . n bits ]



- Suppose U
, V - Bern fol)

- Utv n Bern ( 01999)

- Utv = O ⇒ Pr [U=I/Utv=o]= - 0.90101 .. .

Apr[AJ a.98
- Utv -- I ⇒ PrfU=I/utv=I] = Iz

→

Pol]= . 02

But in expectation U will be
"

less random
"

Given Utv .

Conditionalfnhopy
- (x, Y) jointly dist - over [M]x[N]

Dr [x-- in Y=j] = Pi; ; R, marginal
on X

- H (Ylx) = E fH(y1x⇒)] Py ' ' on Y

n-R,
-x -

①Chainpmle
Hlxx) = Atx) t AGH)-

# bits needed to describe
y if you know X

.

②
*

Conditioning
"

reduces" entropy : Hfylx) s HH) .



- f : is a one-to-one function

H (x ) = HAH))

- H ( UN) = Hlutv , v)
- ①

- (By calc- I Exercise) : H (Utv)
.

> HA) - ②

- Hfvlutv) = H (Utv , V) - H (Utu) chain
Rule

= HIU,v) - Hdtv) by ①

£ Alum) - HLU) by ②

= HCVIU) chain

= Hcv) [since Vau indention] .
-x
-

Polarcodingidea
- Lets

' iterate this process many times ,

moving conditional entropic around .

-

"

Polarization
"

: At end every bit will

conditional Entropy close to 0
,

or I .

- Compression: throw away all bits with O

entropy .



÷z÷÷÷
.

o ?

÷÷÷÷÷÷÷:#
Wn

H (Wi / W, . . .Win ,) = very close to 0 .

or very close
to l

se { il Hwi Iwai) → I }
Compression of 2 = Wls
① This is linear T

② 1St = Htp) . n → follows from all } ?
entropic are Oor I

③ Given Wls can compute W and then2 }
efficiently .

All together ⇒ Polarization process
'good compressor

⇒ Gives our theorem .


