
Approximating Minimum Feedback Sets andMulti-Cuts in Directed Graphs(Extended Summary)Guy Even1 Joseph (Se�) Naor1 Baruch Schieber2 Madhu Sudan21 Computer Science Dept., Technion, Haifa 32000, Israel.E-mail:fguy,naorg@cs.technion.ac.il.2 IBM Research Division, T.J. Watson Research Center, P.O. Box 218,Yorktown Heights, NY 10598. E-mail:fsbar,madhug@watson.ibm.com.Abstract. This paper deals with approximating feedback sets in directedgraphs. We consider two related problems: the weighted feedback vertex set(fvs) problem, and the weighted feedback edge set problem (fes). In the fvs(resp. fes) problem, one is given a directed graph with weights on the ver-tices (resp. edges), and is asked to �nd a subset of vertices (resp. edges) withminimum total weight that intersects every directed cycle in the graph. Theseproblems are among the classical NP-Hard problems and have many applica-tions. We also consider a generalization of these problems: subset-fvs andsubset-fes, in which the feedback set has to intersect only a subset of the di-rected cycles in the graph. This subset contains all the cycles that go througha distinguished input subset of vertices and edges. We present approxima-tion algorithms for all four problems that achieve an approximation factorof O(minflog �� log log ��; log n log log n)g, where �� denotes the value of theoptimum fractional solution of the problem at hand. For the subset-fvs andsubset-fes problems we also give an algorithm that achieves an approxi-mation factor of O(log2 jXj), where X is the subset of distinguished verticesand edges. This algorithm is based on an approximation algorithm for themulti-cut problem in a special type of directed networks. Another contri-bution of our paper is a combinatorial algorithm that computes a (1 + ")approximation to the fractional optimal feedback vertex set. Computing theapproximate solution is much simpler and more e�cient than general linearprogramming methods. All of our algorithms use this approximate solution.1 IntroductionThis paper deals with approximating feedback sets in directed graphs, G = (V;E).We consider two related problems: the weighted feedback vertex set (fvs) problem,and the weighted feedback edge set problem (fes). In the fvs problem, one is given adirected graph with weights on the vertices, and is asked to �nd a subset of verticeswith minimum total weight that intersects every directed cycle in the graph. In thefes problem, one is given a directed graph with weights on the edges, and is asked to�nd a subset of edges with minimum total weight which intersects every cycle in thegraph. The unweighted versions of these problems are classical NP-hard problems,and appear in Karp's seminal paper [5]. The fes and fvs problems are reducibleto one another (x2). These reductions preserve approximations, namely, feedback



vertex sets are mapped to feedback edge sets and vice-versa. Hence, these problemsare equally hard to approximate in polynomial time.The problem of �nding feedback sets arises in a variety of applications. Oneof the most interesting and important applications has to do with testing circuits.A circuit can be modeled by a directed graph where the vertices represent gates(which compute boolean functions) and by directed edges which represent wireswhich connect gates [12]. Loosely speaking, �nding a small feedback edge set in thisgraph helps reduce the hardware overhead required for testing the circuit using \scanregisters" [3, 9]. Other applications have to do with e�cient deadlock resolution, andanalyzing manufacturing processes.We also consider a generalization of the fes and fvs problems which we callthe subset-fes and subset-fvs problems. In these problems, only a subset ofthe directed cycles in the graph is considered interesting. A feedback edge set withrespect to the interesting cycles is a subset of edges which intersects every interestingcycle. Similarly, a feedback vertex set with respect to the interesting cycles is a subsetof vertices which intersects every interesting cycle. The interesting sets of cycleswhich we consider are characterized by a subset of vertices and edges. Namely, givena subset, X, (of vertices and of edges) the set of interesting cycles characterized byX is the set of all cycles which intersect X. In the subset-fes (resp. subset-fvs)problem the goal is to �nd a minimumweight feedback edge (resp. vertex) set withrespect to the interesting cycles.The motivation of this generalization is two-fold. First, in some of the applicationswe may only be interested in cycles that intersect a subset of the vertices and edges,e.g., when testing only part of a circuit. Second, from the theoretical standpoint, itis interesting whether the quality of the approximation depends on the size of theset that characterizes the interesting subset of cycles.The �rst approximation algorithm for the fes problem was given by Leighton andRao [11] (and followed by [8]). Their approximation factor isO(log2 jV j) in the unweighted case. Leighton and Rao achieve this bound by usingan O(log jV j) approximation algorithm for the bisection directed separator, which,in turn, is found by approximating special cuts which are called \quotient cuts".It is easy to see that the fvs problem is a special case of a covering problemwhere the elements correspond to vertices and the subsets correspond to cycles. The(linear programming) dual of this problem is referred to as a packing problem, andin the case of the fvs problem, this means assigning a dual variable to each cyclein the graph, such that for each vertex, the sum of the variables corresponding toall the cycles passing through that vertex is at most the weight of the vertex. Ina brilliant paper, Seymour [14] proved that the integral duality gap in the case ofthe unweighted fvs problem is at most O(log �� log log ��), where �� denotes thevalue of a maximum (fractional) packing. A careful examination of Seymour's proofreveals that all of his existential arguments can be made constructive, and thus,with certain other modi�cations, we obtain an algorithm for the unweighted fvsproblem that achieves an approximation factor of O(log �� log log ��). (Notice thatin the unweighted case �� < jV j.)Although Seymour explicitly restricts his discussion to the unweighted case, weare able to extend his proof to the weighted fvs problem. This results in an algorithmthat achieves an approximation factor of O(minflog �� log log ��;



log jV j log log jV jg), where, as before, �� denotes the cost of a maximum (fractional)packing, or equivalently the cost of a minimum (fractional) cover. Furthermore, weare able to extend this algorithm to the subset-fvs and subset-fes problems. Thisresult is almost optimal within the primal-dual framework, since the duality gap is
(log ��) [14].The �rst step in fvs and subset-fvs approximation algorithms requires thecomputation of an optimal fractional solution. Notice that the linear programmingformulation of the fvs problem may contain an exponential number of constraints.Nevertheless, an optimal solution can be computed in this case in polynomial timeby using the ellipsoid method. In fact, interior point algorithms can also achievepolynomial time since it is possible to decrease the number of constraints to bepolynomial by reducing the fvs problem to multi-commodity ow [2]. (But, then thelinear program is not positive anymore.) Using general linear programming methodsis usually undesirable, and algorithms that exploit the combinatorial structure ofthe problem are sought when possible.Since we deal with approximation algorithms, we can actually settle for an ap-proximate fractional solution, where the approximation bound is a constant. In Sec-tion 6 we present a combinatorial algorithm that �nds a (1+") approximation to thefractional fvs problem. This algorithm is both simple and is also more e�cient thangeneral linear programmingmethods. Our algorithm is based on a greedy (1+") ap-proximation algorithm for the (fractional) Set Cover Problem derived from a parallelalgorithm for approximating positive linear programming by Luby and Nisan [10].We show how to adapt the approximate Set Cover algorithm to the fvs problem, inspite of the fact that the number of constraints in the corresponding Set Cover Prob-lem is exponential. Plotkin, Shmoys and Tardos [13] gave a general combinatorialapproximation algorithm for fractional packing and covering problems. Their algo-rithm can also be applied to compute an approximate fractional solution in our case.Our algorithm for computing a approximate fractional solution signi�cantly di�ersfrom the algorithm derived from [13]: They use a Lagrangian relaxation techniqueon the dual problem, whereas we deal with the primal problem.The relation between feedback set problems and multi-cut problems (�rst ob-served by Leighton and Rao), motivated many researchers to focus their attentionon multi-cut problems. This problem was �rst de�ned by Hu [4]. Here, we considerone of the versions of this problem de�ned as follows. Given a network with edgecapacities, and a set of k source-sink pairs, �nd a minimum (capacity or cardinality)set of edges whose removal disconnects all the source-sink pairs. This problem isalso NP-Hard: as demonstrated later, we can reduce the feedback problems to themulti-cut problem in directed networks. Recently, there has been much progress inapproximating the multi-cut problem in the undirected case. Most notably, Garg,Vazirani and Yannakakis [2] achieved a O(logk) approximation factor for this prob-lem. They introduced a novel \sphere growing" technique, re�ning and simplifyingprevious works of [11, 7]. Actually, the O(log k) factor achieved in [2] is with re-spect to the optimal fractional solution of the multi-cut problem. Garg, Vaziraniand Yannakakis also show that this is the best one can hope for, by demonstratinga graph in which the gap between the fractional solution and the integer solution isindeed 
(log k). To the best knowledge, no approximation is known for the multi-cutproblem in general directed graphs.



We present a simple reduction from the fes problem to a minimum capacitymulti-cut in directed networks. The networks obtained by the reduction have a spe-cial structure, which we call circular networks. We are able to exploit this specialstructure to �nd a O(log2 k) approximation factor of the minimum capacity multi-cut. Our algorithm is based on an adaptation of the \sphere growing" technique todirected circular networks and on a novel decomposition procedure.Independently, Klein et al. [6] present a network decomposition algorithm fordirected graphs. Using a weighted version of their decomposition they derive anO(log2 k) approximation algorithm for �nding a minimum capacity subset of edgesthat separates k given pairs of terminals. It is not di�cult to see that when their algo-rithm is applied to circular networks it yields a O(log2 k) approximation factor of theminimumcapacity multi-cut, as our algorithm.We can show how our approximationalgorithms can be applied to obtain anO(minflog �� log log ��; log jV j log log jV jg; log2 k)approximation algorithm for �nding a minimum capacity subset of edges that sepa-rates k given pairs of terminals, where �� is the optimal fractional solution.To summarize, the results presented in this paper are:1. Reductions between the various problems considered in the paper (x2).2. A polynomial-time approximation algorithm for the weighted fvs and weightedfes problems that �nds a feedback set with weight O(minf�� log �� log log ��;�� log jV j log log jV jg), where �� is the cost of an optimum fractional feedbackset (x3).3. An extension of the above algorithms for the weighted subset-fvs and weightedsubset-fes problems (x4).4. A polynomial-time approximation algorithm for the multi-cut problem in net-works de�ned by the reduction from feedback set problems that achieves anO(log2 k) approximation factor, where k is the number of source-sink pairs. Weapply this algorithm to approximate the weighted subset-fvs and weightedsubset-fes problems and obtain an approximation factor of O(log2 jXj), whereX is the subset of vertices and edges that characterizes the interesting cycles.These algorithms are superior to the algorithms above if jXj = o(2plog jV j log log jV j)(x5).5. A (1 + ") factor approximation (combinatorial) algorithm for the fractional fvsproblem (x6).Due to space limitations many details and proofs are omitted.2 The problems and reductions among themThe �rst problems we consider are the minimum weight feedback vertex set (fvs),the minimumweight feedback edge set (fes) and their generalization to the subset-fvsand subset-fes problems. All these problems are de�ned in the introduction. An-other extension of the fvs problemwhich we consider is the blackout-fvs problem.In this problem an additional subset of \blackout" vertices, B, is given.We allow onlyfeedback vertex sets which do not contain any vertex of B. In the blackout-fvsproblem a minimum weight feedback vertex set which does not contain vertices ofB is sought.



We consider the problem of �nding minimum capacity multi-cuts in directed\circular" multi-commodity networks.A network N = �eV ; eE; c(:); f(si; ti)gi=1;:::;k� is a quadruple, where: (eV ; eE) is adirected graph, c(:) is a capacity function de�ned on the edges, and f(si; ti)gi=1;:::;kare pairs of vertices called source-sink pairs. The capacity (or cost) of a subset ofedges, eF � eE, is de�ned by c( eF ) =Pee2eF c(ee). A multi-cut in a network is a subsetof edges, eF � eE, such that for every source-sink pair, (si; ti), every path in N from sito ti contains at least one edge of the set eF . We consider special networks, which wecall circular networks. In circular networks there is an in�nite capacity edge ti ! sifor every source-sink pair (si; ti), and this edge is the only edge which emanates fromti and which enters si.The following reductions can be shown between the above problems: fes � fvs,fvs � fes, blackout-fvs � fvs, subset-fes � the multi-cut problem in circularnetworks, and the multi-cut problem in circular networks � subset-fes. It is alsoeasy to see that the subset, X � V [ E, de�ning the interesting cycles, can bereduced to a subset of vertices.In all the reductions, a feasible solution is mapped to a feasible solution. More-over, the cost of the feasible solutions is preserved by the reductions, and therefore,an approximate solution to one problem can be translated to an approximate solu-tion to all other problems reducible to this problem. Therefore, these problems areequally hard to approximate in polynomial time.3 Approximating the weighted FVS problemIn this section we describe an algorithm for approximating the minimum weightfvs of a weighted directed graph G = (V;E). This algorithm requires a fractionalfeedback vertex set (de�ned below). Such a fractional solution can be either foundby using general linear programming techniques or by the approximation algorithmdescribed in Section 6. The algorithm presented in this section is an algorithmicadaptation of Seymour's paper [14] which we extend to the weighted case.A fractional feedback vertex set of G is a function t : V ! [0; 1], such thatevery directed cycle, C, is \covered" by t; that is, Pv2C t(v) � 1. The weight of afractional feedback vertex set, t, is de�ned by Pv2V w(v) � t(v).Let b'(v) denote the value of vertex v in the fractional solution found by theapproximation algorithm described in Section 6. Let b� =Pv2V w(v) � b'(v). Let ��denote the weight of the optimal fractional feedback vertex set. By the results ofSection 6, b� = O(��).3.1 Modifying the graphWe �rst show how to transform b' so that for each vertex v, if b'(v) > 0, thenb'(v) � 1=2n. We de�ne the following fractional fvs '0:'0(v) = �0 if b'(v) < 1=2n2 � b'(v) otherwise.The following proposition is immediate.



Proposition1. The function '0 is a feasible fvs and its weight is at most 2b�.We now round up each value of '0 to the nearest integral multiple of 1=2n. Thisclearly preserves feasibility, and at most doubles the cost. Let us denote the newfractional fvs by '. The cost of ', denoted by �, is at most 4b�.We modify the graph as follows. All vertices v 2 V for which '(v) = 0 are markedas blackout vertices, and we delete them from the graph by using the reductionblackout-fvs � fvs mentioned in Section 2.We now \equalize" the graph G into graph H as follows. For each vertex v 2V (G), we replace it by a directed chain of vertices v1 ! : : :! vk where k = '(v)�2n.By the above discussion, k is a positive integer. Set the weight of each vertex vi,1 � i � k, to w(v). For each edge u ! v 2 E(G), we add a directed edge from thelast vertex of u's chain to the �rst vertex of v's chain. The next lemma summarizesthe properties of the graph H.Lemma2. [14] Graph H has the following properties:(i) There is a 1-1 correspondence between the cycles of G and H. There is also aweight preserving correspondence between the (fractional) feedback vertex sets of Gand H.(ii) The girth of H, denoted by girth(H), satis�es:girth(H) � w(V (H))� ; where w(V (H)) is the total weight of the vertices in H.The above lemma implies that the problem of �nding an fvs in an arbitrarygraph G is equivalent to �nding an fvs in a graph H with the property that itsgirth and the weight of its optimal (fractional) fvs are inversely related. Notice thatby assigning to each vertex in H the value 1=girth(H) we obtain a near-optimalfractional fvs of H. Therefore, we consider H to be \equalized".3.2 The algorithmWe present the algorithm for approximating the fvs in graph H. Seymour [14] de-�nes the function � as follows:�(x) = �0 if x < 14x � ln(4x) � ln log2(4x) otherwise.The algorithm for approximating the optimal weighted fvs proceeds recursivelyas follows: It �rst �nds a directed vertex separator S of the graph H. A directedvertex separator of H is a partition of the vertices of the graph into three disjointsubsets: A; S and B, such that there are no directed edges from A to B. The di-rected separator is computed by the procedure separator (H(V;E); w; g) depicted inFigure 1. We add the vertices of S to the fvs, and recursively compute an fvs ofthe subgraphs induced by A and B.Theorem3. Suppose that the girth of graph H is not smaller than g. The algorithm�nds an fvs of H whose weight is at most ��w(V (H))g �.



[hbt] separator (H(V; E); w; g)Choose a vertex v0 2 V (H).Construct BFS \layers" starting from v0 as follows:For i = 1; : : : ; (g � 1) de�neXi 4= fu : dist(v0; u) = ig.Xg 4= V (H)�[j<gXj.i = 0repeati = i + 1Ai 4= [j<iXjBi 4= [j>iXjuntil w(Xi) � � (w(V (H))=g) � � (w(Ai)=g) � � (w(Bi)=g)return(Ai;Xi; Bi)Fig. 1. The directed separator algorithm.Combining Theorem 3 with Lemma 2 yields the following corollary.Corollary4. LetH denote the directed graph obtained by the modi�cations describedin subsection 3.1 of the graph G given as input. Let U � V (H) denote the fvs of Hfound by the algorithm. Let �U � V (G) denote the fvs of G that corresponds to U .Then, w( �U ) � �(�) � 16b� � ln(16b�) � ln log2(16b�):Since b� = O(��), where �� denotes the cost of an optimal fractional feedback vertexset, w( �U ) � �(O(��)).3.3 Strongly polynomial approximation bounds and running timesThe approximation bounds obtained in Corollary 4 may be very weak in cases wherethe weight of an optimal fractional feedback vertex set, ��, is super-polynomial inn = jV (G)j. To overcome this problem we \truncate" the vertex weights to obtainan fvs of weight O(�� � lnn � log2 log2 n).We truncate the vertex weights as follows. Let � denote the weight of a fractionalfeedback vertex set for which � = O(��). Let IN 4= fv 2 V : w(v) � �=ng and letOUT 4= fv 2 V : w(v) > � � ng. We add all vertices of IN to the feedback vertex set,which increases the weight of the approximate fvs by at most �. All vertices of OUTare marked as blackout vertices. This can be done since it is guaranteed that noneof the vertices in OUT participates in an integral optimal fvs. The latter followsby observing that the ratio between the values of an optimal integral fvs and anoptimal fractional fvs is at most n. (Given a fractional fvs, if one rounds up to 1all values which are bigger than or equal to 1=n, and rounds down to 0 all othervalues, then a feasible integral fvs is obtained.)In the remaining graph the ratio between the maximum and minimum weightsof vertices is bounded by n2. Hence, after normalizing the vertex weights, the cost



of an optimal fractional fvs is a polynomial in n, and the modi�ed (equalized)graph, H, is also of polynomial size. Therefore, the algorithm �nds a fvs of weightO(�� lnn log logn).4 Approximating weighted SUBSET-FVSIn this section we discuss approximating solutions of subset-fvs. The reductionsfrom subset-fes to subset-fvs mentioned in Section 2 imply that the results of thissection hold for the subset-fes problem as well. We consider instances when one isinterested in disconnecting cycles which intersect a given set of vertices, X � V . Thealgorithm and its analysis is a modi�cation of the algorithm presented in Subsections3.1 and 3.2. Therefore, we only discuss the required modi�cations.The (1 + ") approximation algorithm is adapted to the subset-fvs problem.A modi�ed de�nition of girth is required: De�ne the girth of the graph to be theminimum number of non-special vertices in an interesting cycle. Note that Lemma2 holds with respect to the new de�nition of girth.Before searching for a separator, the graph is partitioned into strongly connectedcomponents. If a strongly connected component lacks special vertices then the emptyset is a valid feedback vertex set with respect toX. A separator for components whichcontain special vertices is found separately for each strongly connected component.In Procedure separator the layers are constructed starting from a special vertex. Thisensures that the graph contains g layers, where g is a lower bound on the modi�edgirth.5 An O(log2 jXj)-approximation for SUBSET-FESIn this section we show how to �nd a feedback edge set of a weighted directed graphG(V;E) with respect to a set of interesting cycles which is characterized by a subsetof vertices X � V , where jXj = k. The subset-fes problem is considered for easeof presentation, but the reduction from the subset-fvs problem to the subset-fesproblem mentioned in Section 2 implies that the results presented in this sectionhold for the subset-fvs problem as well. The weight of the feedback edge set foundby the algorithm is O(�� log2 k), where �� is the weight of an optimal fractionalfeedback set. Therefore, we obtain an approximation factor which is independent ofthe weight of the optimum (fractional) feedback edge set. We use the reduction tothe multi-cut problemmentioned in Section 2. Let N = �eV ; eE; c(:); f(si; ti)gi=1;:::;k�be the directed network given by reducing the subset-fes instance to a multi-cutproblem instance. Let C� denote the cost of an optimal fractional multi-cut in N .We show how to �nd a multi-cut whose cost is O(C� � log2 k). Note that a fractionalmulti-cut may be found either by solving a general linear program or by using theapproximation algorithm described in Section 6.5.1 OverviewOur algorithmuses the sphere growing technique of Garg, Vazirani and Yannakakis [2].They used it to approximate the multi-cut problem in undirected networks. As we



explain below the application of this technique to the directed case does not seemto be trivial.To gain some intuition let us �rst describe the algorithm for the undirected casegiven in [2]. The algorithm consists of two stages. In the �rst stage the fractionalmulti-cut problem is found (exactly) using a polynomial-time linear programmingalgorithm. (Note that our (1 + ")-factor approximation algorithm described in Sec-tion 6 can also be used.) We regard the output values, d(e), as a distance function,where d(e) describes the distance between the tail of e and the head of e. Note thatthe distance between si and ti is at least one. In the second stage we grow radialspheres around the sources. We start from s1 and grow a radial sphere around it.(A radial sphere of radius r includes all the subgraph induced by all the vertices atdistance at most r from s1.) We look for the sphere with the smallest radius suchthat the cut separating it from the rest of the graph can be \charged" to the cutedges and the edges inside the sphere. (The exact notion of the charging scheme isomitted.) Garg, Vazirani and Yannakakis [2] show that under an appropriate choiceof parameters the radius of the sphere is bounded by 1=2. We add the cut of thissphere to the multi-cut. Note that this cut separates s1 from t1. Moreover, sinceno source-sink pair (si; ti) can appear inside a sphere (because its radius is at most1=2 and the graph is undirected), in case there exist some index 1 � j � k, suchthat either sj or tj is in the sphere, the respective source-sink pair is also separated.Thus, after taking this cut we can \throw" all the vertices in the sphere and theedges that touch them. This ensures that we will not \charge" these edges in sub-sequent iterations, in which we grow spheres around other sources that are not yetseparated.Suppose that we wish to apply the same paradigm to the directed case. Considera sphere of radius r around si. This sphere includes all the vertices of distance rfrom si. In the application we face the following two problems: (1) The sphere mayinclude a sink tj whose source pair is outside the sphere. In order to separate si fromti and tj from sj we have to take both the incoming and outgoing cuts; i.e., the edgesoutgoing from and the edges incoming to the sphere. However, we cannot \charge"the edges in the sphere for both cuts. (2) The sphere may include a source-sink pair(sj ; tj), for j 6= i. In this case even after separating si from ti we cannot \throw"away the vertices in the sphere. This may cause us to \charge" the same edges morethan once.We overcome these problems as follows. For the �rst problem, we note that in thespecial circular network de�ned by the subset-fes problem all edges e = ti ! si,for i = 1; : : : ; k, have in�nite capacity edge. This implies that all these edges havezero length. Thus, while growing a radial sphere around a source we never have thesituation that a sink is in the sphere while its source mate is outside. To overcome thesecond problem, we limit the number of times each edge is charged. this is done bygrowing disjoint spheres one around si and one around ti. (The latter is a \reversed"sphere.) We may choose either sphere for the cut, and we will choose the one thatcontains fewer source-sink pairs. This guarantees that an edge is charged only alogarithmic number of times.Below, we describe the algorithm in detail.



5.2 The sphere growing procedureIn this subsection, we present an adaptation of the region growing procedure of Garg,Vazirani and Yannakakis [2]. The procedure in [2] deals with undirected networks,whereas our procedure deals with directed circular networks.Let fd(e)ge2eE be an optimal (within a constant factor) fractional multi-cut ofthe network N , and let C denote its cost. We show how to grow a sphere from asource si0 .Regard the values, d(e), as a distance function, where d(e) describes the distancebetween the tail of e and the head of e. De�ne dist(u; v) as the shortest path fromu to v. Order the vertices in ascending distance from si0 . Namely, v0 = si0 , anddist(v0; vi+1) � dist(v0; vi), for 1 � i < n.We use the following notation:`i 4= dist(v0; vi) Ai 4= fv0; v1; :::; vigFor a set Ai, i � 0, de�ne the weight, wt(Ai), as follows. (Do not confuse this weightwith the edge weights, w(e), in the subset-fes problem.)wt(Ai) 4= Ck + Xe2Ai�Ai c(e) � d(e) + Xe2Ai�(eV�Ai) c(e = vj ! vk) � (`i+1 � `j)The \credit" for the cut of the sphere Ai is given by "�wt(Ai), for some parameter" > 0 to be �xed in the analysis. De�ne a stopping time, �� 4= min�i : c(cut(Ai; Ai)) � " �wt(Ai)	 :A� is the sphere found by the sphere growing procedure, since its cut can be chargedto " �wt(A�).Lemma5. The radius of the sphere A�, denoted `� , is bounded by ln(k + 1)=".5.3 Computing the multi-cutWe show how to use the sphere growing procedure to compute the multi-cut. Weset the sphere growing parameter to " = (2 + �) � ln(k + 1), for some � > 0. Usingthis parameter, we grow a sphere around s1. Recall that if this sphere includes asink ti, it also includes its mate si. We also grow another \reversed" sphere aroundt1. (A \reversed" sphere is a sphere computed in the network given by ipping thedirections of the edges.) Note that if this sphere includes a source si, it also includesits mate ti. Since the radius of each such sphere is less than 1=2, they are disjoint.Hence, one of them includes less than (k�1)=2 source-sink pairs. Suppose that this isthe sphere around s1. The other possibility is analogous. We add the edges outgoingfrom this sphere to the multi-cut. This separates all sources in the sphere whosemate is not in this sphere. To separate the pairs included in the sphere we haveto solve the sub-problem given by the network induced by the vertices inside thesphere. This sub-problem has no more than (k�1)=2 source-sink pairs. Now, if thereare more than (k � 1)=2 source-sink pairs outside the sphere, we choose one suchpair and repeat the process. When we end the process we are left with sub-problems



each of which consists of at most (k� 1)=2 pairs and whose total size is bounded bythe size of the original problem.As explained above we associate a cut (Rj) with each selected sphere Rj. Recallthat if Rj is a sphere around a source, then (Rj) = cut(Rj; Rj), and if Rj is a\reversed" sphere around a sink, then (Rj) = cut(Rj; Rj). Let fRjgj denote allselected spheres computed recursively until no sphere contains a source-sink pair.The set of edges [j(Rj) is a multi-cut.We analyze the cost of the multi-cut, [j(Rj). Fix a network, N , with n nodesand k source-sink pairs. Let cut(n; k) denote the maximum cost of the multi-cutfound by our procedure. Let R1; : : : ; Rr denote the spheres selected in the top levelof the process (i.e., in breaking into sub-problems with no more than (k�1)=2 pairs).Let c((Rj)) denote the cost of (Rj), nj denote the number of vertices in Rj, and kjdenote the number of source-sink pairs in Rj. Then, cut(n; k) satis�es the followingrecurrence inequality:cut(n; k) � �0 if k = 0Prj=1 c((Rj)) +Prj=1 cut(nj ; kj) otherwiseWhere Prj=1 nj = n, Prj=1 kj � k � r, and 0 � kj < k=2, for every j.Lemma6. If " = (2 + �) ln(k + 1), then cut(n; k) � 2(2 + �) ln(2) �C � log2(k + 1).We summarize the approximation factor obtainable by our procedure.Theorem7. If " = 2:005 ln(k + 1), then cut(n; k) � 2:78C � log2(k + 1).6 Approximating the fractional optimal solutionIn this section we show that an approximation by a (1+") factor to the fractional fvsproblem can be computed e�ciently by a combinatorial algorithm. In Section 6.1 wepresent a (1+")-approximation algorithm for an arbitrary Set Cover problem, that isderived from a parallel algorithm for approximating positive linear programming byLuby and Nisan [10]. An important feature of this algorithm is that the complexityweakly depends (logarithmically) on the the number of subsets in the set system. InSection 6.2 we show that this algorithm can be implemented in the case of the fvsproblem in spite of the fact that the number of constraints in the Set Cover problemis exponential.6.1 A (1 + ")-approximation Set Cover algorithmThe Set Cover Problem is de�ned as follows. Let (V;S) be a set system, where Vdenotes the elements and S denotes the collection of subsets. There is a non-negativecost function c(v) associated with each element v 2 V . The goal is to �nd a fractionalminimum cost subset of V that covers all the subsets in S. Let �� denote the costof the optimal fractional cover.The algorithm we present associates an attraction function p(:) with each subset.Initially, p(S) = 1 for each S 2 S. The attraction of the set system is denoted by



p(S) and is equal to PS2S p(S). De�ne the attraction p(v) of an element v 2 V tobe PS:v2S p(S). Let n = jV j, and m = jSj.The algorithm approximate SC depicted in Figure 2 computes a multi-cover ofS, i.e., a cover that may contain an element several times. Let `(v) denote themultiplicity of element v 2 V in the multi-cover computed by the algorithm.[hbt] approximate SC (V; S; c(:); ")De�ne: � 4= (1 + 13") and a 4= 6=".8v 2 V : `(v) = 0.8S 2 S : p(S) = ma.repeatChoose an element v 2 V that minimizes the ratio c(v)p(v) .`(v) `(v) + 18S such that v 2 S:if p(S) > 1 then p(S)  p(S)=�.else p(S) 0.until p(S) � 1return(f`(v) : v 2 V g)Fig. 2. The integral multi cover approximation algorithm.For a vertex v 2 V , The fractional cover '(v) is obtained from the multi coveras follows '(v) 4= `(v)a � log�m; where � 4= (1 + 13") and a 4= 6" :Theorem8. The following claims hold: (i) The function ' is a feasible cover of S.(ii) Pv2V '(v) � c(v) � (1 + ") � ��. (iii) The number of iterations of the algorithmis O �n lnm="2�.6.2 Implementing the fractional fvs algorithmThe fvs problem reduces naturally to a Set Cover problem by de�ning the verticesof the graph as elements and the simple directed cycles as the subsets of set system.However, a naive implementation of algorithm approximate SC to solve the problemwould take exponential time, because the size of the set system is exponential and thealgorithm requires attaching an \attraction" p(S) to every subset S, updating theseattractions, and calculating p(v) = Pfp(S)jv 2 Sg, for every vertex v. Below, wepresent a more involved implementation that runs in polynomial time. The detailedimplementation is given in Figure 3.First, we modify the input graph G = (V;E) by splitting each vertex v 2 V intotwo new vertices, v0 and v00, where the incoming edges into v now enter v0, and theoutgoing edges from v now leave v00. In addition there is a directed edge from v0 tov00, and a self loop on v00. The new graph is denoted by G0 = (V 0; E0). The natural



correspondence between the vertices of G and G0 induces a surjection of the directedcycles (both simple and non-simple) of G0 which pass through v0 onto the cycles ofG which pass through v. Let A denote the adjacency matrix of graph G0 and let Idenote the identity matrix.Next, we rede�ne the Set Cover problem that corresponds to the fvs problem.As before, the elements correspond to the vertices in the graph. The subsets nowcorrespond to the complete set of directed cycles in the graph, simple and non-simple, whose length is at most jV 0j. To facilitate e�cient implementation, some ofthe cycles appear with multiplicity in the set system. Clearly, this does not increasethe value of the optimal solution ��. Speci�cally, the multiplicity of each cycle is setin such a way that for each vertex v 2 V 0, the number of cycles of length at mostjV 0j that contain it, is given by the entry B(v; v) of the matrix B = (A + I)jV 0j. (Itis well known that this entry counts the number of cycles of length at most jV 0j thatcontain v, but with some multiplicity greater than one.) The size of the set system,m, is upper bounded by the sum of all the diagonal entries of B.Finally, we scale down the parameters used by the algorithm. Instead of initial-izing p(C), for each cycle C, to ma, we initialize it to 1. Similarly, we scale down thethresholds for stopping the loop and nullifying p(C) to m�a. Notice that after thescaling, the initial value of p(v0) is the number of cycles of length at most jV 0j thatcontain vertex v0, and thus is given by B(v0; v0). It is not di�cult to see that inter-mediate values of p(v0) can be computed as follows. Suppose that vertex v0 2 V 0 ischosen at some iteration. Update the value of the entry A(v0; v00) (that correspondsto edge v0 ! v00) by dividing it by � (or nullifying it, if A(v0; v00) � m�a). Then, theupdated entry B(v0; v0) is the new value of p(v0).[hbt] fractional fvs (V 0; A; c(:); ")De�ne: � 4= (1 + 13") and a 4= 6=".8v0 2 V 0 : `(v0) = 0.for i = 1; : : : ; (18n(1 + 1=") lnm)="2Compute B = (A+ I)jV 0 j.Choose an element v0 2 V 0 that minimizes the ratio c(v0)B(v0;v0) .`(v0) `(v0) + 18(v0; v00) 2 V 0 � V 00if A(v0; v00) > m�a then A(v0; v00) A(v0; v00)=�.else A(v0; v00) 0.return(f`(v0) : v0 2 V 0g)Fig. 3. The fractional fvs algorithm.Lemma9. Let `i(v) denote the multiplicity of vertex v0 in the multi-cover up to



iteration i. For every cycle C of G0, the attraction satis�esp(C) � � 1��Pv2C `i(v)Note, that equality holds for simple cycles. For non-simple cycles, the attraction maydecrease faster since some vertices appear several times in such cycles.We get that for simple cycles the attraction is updated as required by Algorithmfractional fvs. For a non-simple cycle, the attraction may decrease faster than re-quired. However, a faster decrease in the attraction (of a cycle) has the followinge�ect. On one hand, it may decrease the total number of iterations { but this canonly be of help to the algorithm. On the other hand, the coverage of such a cyclemay not be su�cient { but since this applies only to non-simple cycles, their levelof coverage is not of interest to us.There exists a constant � such that the number of cycles considered by the abovealgorithm is at most 2�n logn. Hence, the number of iterations of the algorithm is atmost O(n2 logn). The complexity of each iteration is dominated by O(M (n) logn),where M (n) denotes the complexity of matrix multiplication. Hence, the complexityof the algorithm is O(n2M (n) log2 n).Remark: The algorithm presented in this section can be modi�ed to handle thecovering problem associated with a subset-fvs problem.AcknowledgementWe would like to thank Noam Nisan for useful discussions. The research of the �rstauthor was supported in part by the Miriam and Aaron Gutwirth Memorial Fellow-ship. The research of the second author was supported in part by Grant No. 92-00225from the United States-Israel Binational Science Foundation (BSF), Jerusalem, Is-rael.References[1] M. Abramovici, M.A. Breuer and A.D. Friedman, \Digital Systems Testing andTestable Design," New York, Computer Science Press, 1990.[2] N. Garg, V.V. Vazirani and M. Yannakakis, \Approximate max-ow min-(multi) cuttheorems and their applications," 25th STOC, pp. 698-707, 1993.[3] R. Gupta, R. Gupta and M.A. Breuer, \BALLAST: A Methodology for Partial ScanDesign," Proc. 19th Int'l. Symp. on Fault-Tolerant Computing,' pp. 118-125, June,1989.[4] T.C. Hu, \Multi-commodity network ows," Operations Research, 11, pp. 344-360,1963.[5] R.M. Karp, \Reducibility among combinatorial problems," Complexity of ComputerComputations, pp. 85-104, Plenum Press, N.Y., 1972.[6] P.N. Klein, S.A. Plotkin, S. Rap and �E. Tardos, \New network decompositions theoremswith applications," unpublished manuscript, 1993.[7] P. Klein, A. Agrawal, R. Ravi, and S. Rao, \Approximation through multi-commodityow," 31st FOCS, pp. 726-737, 1990.
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